ion. A linear asymptotic stability analysis is presented in the limit of large Reynolds number. It is shown that the lower branch mode is destabilised and stabilised for shear-thinning and shear-thickening uids, respectively. Favourable agreement is obtained between these asymptotic predictions and results owing from an equivalent Orr-Sommerfeld type analysis. Our results indicate that an increase in shear-thinning has the eect of signicantly reducing the value of the critical Reynolds number, this suggests that the onset of instability will be signicantly advanced in this case. Focusing on the lower branch structure of the neutral curve Smith 8 was able to include non-parallel eects using asymptotic triple-deck theory. Smith's analysis revealed that nonparallel eects are included in the calculations at y(R 3=4 ), where R is the Reynolds number scaled on the local boundary layer thickness. Although the analysis is based on the assumption of large Reynolds number, Smith's non-parallel results showed an improved agreement, when compared to parallel theories, with the experimental results of Ross et al. 7 .
In an attempt to obtain equivalent non-parallel results for the upper branch of the neutral curve Bodonyi and Smith 9 consider a quintuple-deck asymptotic approach. However, unlike the lower branch analysis, the results did not provide a good agreement with experimental and Orr-Sommerfeld calculations when the Reynolds number is not large. Indeed, Healey 10 notes that this upper branch asymptotic theory is consistent only when R > 10 5 , the ap-proximate location at which the critical layer emerges from the viscous wall layer. Thus, when R < 10 5 the critical layer lies within the viscous wall layer, suggesting that, in this region, the upper-branch disturbances are instead described by a triple-deck structure. The transition from a triple-deck to a quintuple-deck structure is associated with the kink in the neutral curve. The modied triple-deck analysis of Hultgren 11 shows that both the upper and lower branches can be calculated using a single dispersion relation.
Our discussion thus far makes reference only to the class of uids that satisfy a Newtonian governing viscosity relationship. However, there exists many physical and industrial processes where a uids viscosity is observed to be non-constant. Fluids such as these are said to be non-Newtonian. Generalised Newtonian uids are one of a number of classes of non-Newtonian uids; the viscosity of a generalised Newtonian uid is dependent solely on the shear-rate of the ow.
Previous studies that address the non-Newtonian boundary layer equations have often been concerned with generalised Newtonian uids, and in particular uids that satisfy à power-law' governing relationship, see, for example, Schowalter
12
, Acrivos, Shah, and Peterson 13 and more recently Denier and Dabrowski 14 . However, when the power-law boundary layer equations are solved in a self-similar manner results for shear-thickening uids predict a nite-width boundary layer, whilst shear-thinning results are found to decay into the far eld in strongly algebraic fashion 14 . These features are associated with the inability of the power-law model to accurately describe the variation of viscosity within the boundary layer 15 . Griths 16 has shown, in the three-dimensional case, that steady base ow proles obtained from a power-law formulation of the problem contrast those determined using the Carreau viscosity model. These results further question the applicability of the power-law model in high and low shear-rate environments. Indeed, linear stability analyses conducted on the rotating disk boundary layer have revealed that contradictory conclusions are reached when power-law results are compared to those owing from the Carreau uid model 17 . These results, and the growing interesting in non-Newtonian boundary layer ows have been the motivation for the current investigation.
In this study we reconsider the problem of the boundary layer ow of a generalised Newtonian uid using the Carreau uid model. In addition to this we consider, for the rst time, the linear stability characteristics of this ow using both asymptotic and numerical analyses. The outline of this paper is as follows. In II we derive the relevant boundary layer components. In III we solve the nonlinear boundary value problem outlined in II, ensuring that the boundary layer ow matches smoothly with that of the free-stream. A linear asymptotic stability analysis is presented in IV. A new set of generalised Newtonian linear disturbance equations are derived and we present leading, and next order, results regarding the lower branch structure of the neutral stability curve. A generalised Newtonian OrrSommerfeld analysis is the subject matter of V. Neutral stability curves are plotted for both shear-thickening and shear-thinning uids. In the limit of large Reynolds number our exact asymptotic results are compared to our approximate numerical solutions. Finally, in VI we discuss the results of our study and conclude by summarising our ndings.
II. FORMULATION
The ow of an incompressible non-Newtonian uid over an impermeable, semi-innite, at plat is governed by the continuity and Cauchy momentum equations r £ ¡ u £ = 0; (1a)
Here u £ = (u £ ; v £ ) are the velocity components in the streamwise and wall normal coordinates (x £ ; y £ ), respectively. The uid density is £ , t £ is time and p £ is the uid pressure.
The stress tensor for incompressible generalised Newtonian uids is given by
where ; (2) where £ I is the innite-shear-rate viscosity, £ 0 is the zero-shear-rate viscosity, £ is the characteristic time constant, and n is the uid index. For n > 1 the uid is said to be shear-thickening, whilst for n < 1 the uid is said to be shear-thinning. The Newtonian viscosity relationship is recovered when n = 1.
This system is made dimensionless via the introduction of the following variables
Here L £ is a typical length scale and U £ I a typical free-stream speed. In order to investigate the boundary layer region close to the surface of the at plate we rescale the problem such ). The dimensionless form of the characteristic time constant is given by k = £ U £ I p £ U £ I = £ 0 x £ . We note that k is scaled by the streamwise coordinate x £ , this therefore restricts our attention to a strictly local analysis whereby k is evaluated at a specic streamwise location along the at plate. where U e (x) is the streamwise velocity component outside of the boundary layer. The rst of these conditions ensures that the no-slip criterion is satised at the wall, the second states that the streamwise velocity inside the boundary layer must match with that of the free-stream far from the wall.
In the absence of a streamwise pressure gradient the free-stream velocity is chosen to be U e = 1; thus the boundary layer equations (3) 
Here the eective viscosity function is denoted by. We note that the eective viscosity can be split into primary ( p ) and secondary ( s ) components; these functions are such that p j n=1 = 1 and s j n=1 = 0.
The system (6) 
III. BASE FLOW
Before numerically solving the nonlinear boundary-value problem dened by (6) and (7) it proves useful to rst develop the large-asymptotic form for the solution f. This ensures that the numerical solutions satisfy the correct form of asymptotic decay into the far eld.
Owing from (7b) we write f = ( a) +f() + ¡ ¡ ¡ as 3 I, where a is a constant and the correction termf is such thatf ( 1. By dening = a and retaining only leading order terms, from (6) . Hence in this case the inner boundary layer ow will match smoothly with that of an outer potential ow. This is unlike the equivalent power-law analysis where the shear-thinning solutions have been shown to decay algebraically into the far eld meaning that matching considerations are necessary in that case 14 .
We solve (6) subject to (7a) and (7b) using a shooting method that utilises a fourth-order Runge-Kutta quadrature routine coupled with a Newton iteration scheme to determine the value of f HH at the wall. Throughout this analysis the value of k is held xed at k = 10 whilst the uid index is varied across a range of shear-thinning and shear-thickening values. Our results are presented in gures 1 and 2 and have been tabulated overleaf, with Newtonian solutions included as a comparative aid. Within Table I we provide values for the Blasius constant , which is given by
where £ is the displacement thickness. Utilising this denition we introduce the Reynolds number R = £ U £ I £ = £ 0 = p xRe, based on the local boundary layer thickness. This form of the Reynolds number will be used in the forthcoming asymptotic and numerical analyses. The zones I, II and III denote the upper, main and lower decks respectively. The grey shaded area indicates the boundary layer region whereas the unshaded area indicates the inviscid region where the base ow matches with that of the free-stream. The small parameter " on which the disturbance structure is based is dened in (9).
IV. ASYMPTOTIC ANALYSIS
In order to describe the lower branch structure of the neutral stability curve we assume that the Reynolds number is large. Having done so we perform a linear asymptotic stability analysis that is valid for all values of the uid index n. As in the Newtonian case we nd that on the lower branch the linear disturbances are governed by a triple-deck structure consisting of upper, main and lower decks. This is outlined schematically in Figure 3 . Our small parameter, scaled on the global boundary layer thickness, is given by
The upper, main and lower decks are found to be of thickness y(" respectively. The analysis in the upper and main decks is largely similar to that presented by Smith 8 , who considered the corresponding Newtonian problem. It is within the viscous lower deck where we see the emergence of leading order generalised Newtonian terms.
We model the initial growth of the disturbances by assuming that the base ow is subject to innitesimally small perturbations and writẽ u = U 0 + u(x; y; t);ṽ = V 0 + v(x; y; t);p = P 0 + p(x; y; t); (10) We expect that the lower branch mode is scaled on a streamwise length scale of y("
).
As such we consider disturbances proportional to
; where = "t. We restrict our attention to neutral disturbances and expand the wavenumber , and the frequency , as such
In the subsequent analysis we adopt a multiple-scales approach whereby @=@x is replaced by @=@x + (i=" 
After substitution of (14) into (11) we determine that at y(" Substituting (17) into (11) we nd that the solutions for V i can be eliminated from the problem, at leading order we determine that
where Ai is the decaying Airy function and
For ease of notation we write 0 = j Z=0 , and 0 =(0). At next order we nd that 
Solutions for u i are not stated here as these are superuous to the remaining analysis.
D. Matching
In order to determine governing eigenrelations for the wavenumbers 1 and 2 we match our solutions between the three decks with the aim of eliminating the unknown functions of 
Combining (19b), (23b) and (24b) we eliminate A 2 (x) and B 2 (x) and obtain the eigenrelation at the next order. Having restricted our attention to neutral disturbances we require that i must be real. In order for 1 to be real we require that 0 = 2:2970i In order for 2 to be real we determine that . Theoretical predictions are often presented in the (R; F ) plane as it easier to make direct comparisons with experimental results. Despite the lack of experimental data for the cases when n T = 1 we choose to present our results in a manner that is consistent with previous investigations.
Given the denitions of R, F , and our results for 1 and 2 ((27b) and (28) Figure 4 . The ow is unstable in the region above the curves. Thus, as n decreases our results predict that the lower branch mode of the neutral curve will become less stable. Furthermore, observations made from Figure 4 suggest that the ow will be signicantly less stable as the uid index is decreased from unity, whilst for values of n larger than 1 the ow will become only marginally more stable. However, the stabilising or destabilising eect of the uid index n in terms of the critical Reynolds number can only be determined via numerical calculations of the neutral stability curve.
Interestingly, in the lower deck, we nd that terms owing from the derivatives of the viscosity functions do not appear in the calculations until the fth order (y(R 3=4 )), the same order at which non-parallel eects are rst encountered. This suggests that these additional viscous eects will not provide a signicant contribution to the linear stability characteristics of the boundary layer ow when a parallel ow assumption is imposed. It is also noteworthy to mention that terms owing from both the leading order and perturbed viscosity functions appear in the calculations, at this order, in the main deck. This suggests that the non-parallel stability of the ow may be more signicantly aected by a nonNewtonian rheology.
V. NUMERICAL ANALYSIS
In order to compliment the asymptotic results obtained previously we introduce a comparable Orr-Sommerfeld-type analysis. By assuming that both the base ow and the disturbances are strictly parallel, and that the disturbances have the normal mode form:
u(x; y; t) =û(y)e i(x t) ; (30a) v(x; y; t) =v(y)e i(x t) ; (30b) p(x; y; t) =p(y)e i(x t) ;
(30c) the governing linear disturbance equations (11) 
The neutral temporal and spatial stability of the system is determined using Chebfun 21 , more specically the eigs routine developed by Driscoll, Bornemann, and Trefethen
22
. By restricting to be real, and by xing values for and R, the eigenvalue problem for is solved subject to (32). The most dangerous eigenvalue, that with largest imaginary part, is calculated. We then use a bisection algorithm to nd, for a xed R, the value of corresponding to i = 0. The curves of neutral spatial stability are then determined from the eigenvalues with zero imaginary part, in which case = r . Particular attention has been paid to the location of the critical Reynolds number R c , and the corresponding critical values of the wavenumber c , and frequency c . The results for these critical values, for a range of the uid index n, are displayed in Table II . In order to validate our numerical scheme we compare the results for n = 1 with those of Thomas 23 who considered the corresponding Newtonian problem. As noted in Table II our Newtonian values for R c , c and c are in excellent agreement with Thomas 23 . We contribute any marginal dierences, between the quoted critical values, to the extremely high accuracy of the Chebfun software 21 .
Results from our numerical computations are presented in gures 5, 6 and 7. In Figure 5 we plot, for moderate Reynolds numbers, the curves of neutral temporal and spatial stability for shear-thinning and shear-thickening Carreau uids. We observe that the critical Reynolds number increases with the uid index n and does so in a linear fashion. This suggests that, in terms of the critical Reynolds number, shear-thinning has the eect of destabilising the boundary layer ow whilst shear-thickening appears to have the opposite eect. In agreement with the asymptotic predictions, we nd that the lower branch mode is destabilised and stabilised for ows with n < 1 and n > 1, respectively. However, interestingly, we note that the stability characteristics of the upper branch mode does not mirror that of the lower branch. The upper branch is in fact stabilised for shear-thinning uids and destabilised for shear-thickening uids. Our predictions suggest that the upper branch of the neutral stability curve is more noticeably aected by the introduction of a non-Newtonian rheology.
We plot a comparison between our numerical predictions and our exact asymptotic solutions in Figure 6 . Using a logarithmic scale the frequency parameter F is plotted against the Reynolds number R. An excellent quantitative agreement is observed between the two sets of solutions, especially in the limit of large Reynolds number. For clarity of presentation we choose to plot only one shear-thinning and one shear-thickening prole. However, we note that an equally good agreement is observed for each n in the region of interest.
In order to investigate the eect the derivatives of the viscosity functions have on the linear stability characteristics of the ow we remove the H , HH , H , and HH terms from (31a) and recompute the curves of neutral stability. These results, for both shear-thinning and shear-thickening uids, are presented in Figure 7 . As predicted by the asymptotic theory, these additional, higher order viscous eects do not signicantly alter the linear stability In this study we have considered the problem of the boundary layer ow of a generalised
Newtonian uid with constitutive viscosity relationship governed by a modied Carreau model. Our base ow solutions are such that far from the at plate, at the outer edge of the boundary layer, a Newtonian viscosity relationship is recovered. It would be expected that the boundary layer thickness decreases and increases for shear-thinning and shear-thickening uids respectively. This intuition is conrmed by the self-similar velocity proles displayed in Figure 1 .
The triple-deck, asymptotic linear stability analysis presented in IV assumes that, irrespective of the uid index n, the lower-branch mode is scaled on a streamwise length scale of y(R
3=4
). It is within the viscous lower deck where we see the emergence of leading order non-Newtonian correction terms. Our analysis reveals that the structure of the lower branch neutral mode is aected by the eective viscosity at the wall, the eective wall shear and the dimensionless thickness of the boundary layer. Results owing from our two term asymptotic expression (29) show that the lower branch mode will be destabilised and stabilised for shear-thinning and shear-thickening uids, respectively. We demonstrate that a two term asymptotic expansion is sucient to give suitable agreement, in the limit of large Reynolds number, with parallel ow results owing from an Orr-Sommerfeld type analysis.
However, the asymptotic framework presented here has the capacity to take non-parallel ow eects into account. We note that non-parallel terms rst appear in the calculations at the fth order for both Newtonian 8 and non-Newtonian ows. It transpires that additional viscous terms owing from the derivatives of the two viscosity functions ( and , given in (11)) also enter the calculations at this order. This suggests that an extension of the current asymptotic analysis, to include non-parallel eects, certainly warrants future investigation.
In V we derived a new, generalised Newtonian, Orr-Sommerfeld equation that takes into account both primary and secondary viscous eects. Our numerical results help to support our asymptotic hypotheses and we nd that the lower branch mode is indeed destabilised and stabilised for shear-thinning and shear-thickening uids, respectively. This destabilising/stabilising nature is rearmed by our predictions for the onset of linear instability. We nd there is a near perfect linear relationship between the value of the uid index n, and the critical Reynolds number R c , see Figure 8 . Interestingly, we note that in the cases when the lower branch mode is destabilised, the upper branch is stabilised and vice-versa. Our large Reynolds number solutions reveal that for all values of the uid index the familiar kink in the upper branch mode, associated with location at which the critical layer emerges from the viscous wall layer, is always apparent. This can be observed in Figure 6 for the case when n = 0:5. Due to the truncation of the numerical solutions this is not observed when n = 1:5 as, in this case, the transition occurs at a value of the Reynolds number greater than R = 10 5 . The asymptotic prediction that terms associated with the derivatives of the viscosity functions have a minimal aect on the linear stability characteristics of the parallel ow has been readily veried by our Orr-Sommerfeld analysis. For brevity we have chosen to investigate only the case when k = 10. However, additional computations performed with k = 1 and k = 100 reveal that reducing the value of the dimensionless equivalent of the characteristic time constant has the eect of dampening any shear-thinning or shear-thickening eects, whilst increasing the value of k serves to enhance these eects.
In conclusion, we have demonstrated that the boundary layer ow of a generalised Newtonian uid over an impermeable, semi-innite, at plate is amenable to both asymptotic and numerical linear stability analyses. Our results suggest that the onset of instability is Griths et al.
advanced for shear-thinning uids whilst it is delayed for shear-thickening uids. These ndings are consistent with those of Lashgari et al. 24 who considered the instability of the ow past a circular cylinder using the Carreau uid model scaled by the zero-shear-rate viscosity. The author's conclude that it is indeed the eect of shear-thinning that is destabilising, noting that shear-thickening eects serve to dramatically stabilise the circular cylinder ow.
Although the geometry and base ow associated with the aforementioned problem are clearly very dierent to this investigation, the results do go some way in supporting our claims.
In addition to extending the current asymptotic analysis to include non-parallel and higher-order viscous eects there are a number of other natural extensions of this study. To the best of the author's knowledge no such experiments have yet taken place, suggesting that this is an area that requires future investigation. 
